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A PROOF OF PERRIN-RIOU’S HEEGNER POINT MAIN CONJECTURE
ASHAY BURUNGALE, FRANCESC CASTELLA, AND CHAN-HO KIM
Abstract. Let E/Q be an elliptic curve of conductor N , let p be a prime of a good ordinary
reduction for E, and let K be an imaginary quadratic field satisfying the Heegner hypothesis
for N . In 1987, Perrin-Riou formulated an Iwasawa main conjecture for the Tate–Shafarevich
group of E over the anticyclotomic Zp-extension of K in terms of a module of Heegner points
over the anticyclotomic tower.
In this paper, we upgrade Howard’s divisibility towards the Heegner point main conjecture
to a proof of the predicted equality. Our method builds on W. Zhang’s results on Kolyvagin’s
conjecture, combined with the p-adic Waldspurger formula and Kolyvagin’s structure theorem
for Tate–Shafarevich groups in the rank one case, and with Howard’s theory of bipartite Euler
systems in the general rank case.
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1. Introduction
1.1. The Heegner point main conjecture. Let E/Q be an elliptic curve of conductor N
and letK be an imaginary quadratic field of discriminantDK prime toN . Let p > 3 be a prime
of good ordinary reduction for E and such that p ∤ DK , and let K∞ be the anticyclotomic
Zp-extension of K. Write N as the product
N = N+N−
with N+ (resp. N−) divisible only by primes which are split (resp. inert) in K, and assume
the following generalized Heegner hypothesis:
(gen-H) N− is the squarefree product of an even number of primes.
Under this hypothesis, the theory of complex multiplication provides a collection of CM points,
defined over ring class field extensionsK[n]/K, on a Shimura curveXN+,N− with Γ0(N
+)-level
structure attached to an indefinite quaternion algebra B/Q of discriminant N−. By modular-
ity [BCDT01], these CM points give rise to Heegner points yn ∈ E(K[n]), and exploiting the
p-ordinarity assumption, they can be turned into norm-compatible systems of Heegner points
on E over the tower K∞/K.
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Let T be the p-adic Tate module of E, and set
V := T ⊗Qp, A := V/T ≃ E[p
∞].
Denote by Λ = ZpJGal(K∞/K)K the anticyclotomic Iwasawa algebra, and let T and A be the
corresponding deformations of T and A, respectively, as defined in §2. Let
SelGr(K,T) ⊂ lim←−
n
H1(Kn, T ), SelGr(K,A) ⊂ lim−→
n
H1(Kn, A)
be the Greenberg Selmer groups defined in [How04a,How04b] (and recalled in §2), where Kn
is the unique subextension of K∞ with [Kn : K] = p
n. The Kummer images of Heegner points
on E over K∞/K give rise to a Λ-adic class
κ∞1 ∈ SelGr(K,T)
which is known to be non-torsion by the work of Cornut–Vatsal [CV07]. In particular, it follows
that the quotient SelGr(K,T)/Λκ
∞
1 is a torsion Λ-module (see e.g. [Ber95]), and Perrin-Riou’s
Heegner point main conjecture [PR87, Conj. B] (as naturally extended by Howard to the case
N− 6= 1) relates the square of its characteristic ideal to the characteristic ideal of the maximal
Λ-torsion submodule of
X := HomZp(SelGr(K,A),Qp/Zp).
Let ι : Λ→ Λ is the involution given by γ 7→ γ−1 for γ ∈ Gal(K∞/K), and denote by ∼ a
Λ-module pseudo-isomorphism.
Conjecture 1.1 (Heegner point main conjecture). The modules SelGr(K,T) and X both
have Λ-rank 1, and there is a finitely generated torsion Λ-module M∞ with
X ∼ Λ⊕M∞ ⊕M∞
and whose characteristic ideal satisfies CharΛ(M∞) = CharΛ(M∞)
ι and
CharΛ(M∞) = CharΛ
(
SelGr(K,T)
Λκ∞1
)
.
This conjecture can be seen as a Λ-adic analogue of Kolyvagin’s result [Kol88] showing that
the non-triviality of a Heegner point yK ∈ E(K) implies the finiteness of the Tate–Shafarevich
group X(E/K) and the equality rankZE(K) = 1, with the square of the index [E(K) : ZyK]
essentially given by the order of X(E/K).
Note also that the conjecture may be seen as a form of the Iwasawa main conjecture “without
zeta functions”, as similarly appears in other settings, see e.g. [Rub90, Thm. 5.1] and [Kat04,
Conj. 12.10]. The main result of this paper (in the rank one case) hinges on a precise form of
this analogy.
1.2. Statement of the main result. Let ρ : GQ := Gal(Q/Q)→ AutFp(E[p]) be the Galois
representation on the p-torsion of E. As in [Zha14], we consider the following set of hypotheses
on the triple (E, p,K):
Hypothesis ♠. Let Ram(ρ) be the set of primes ℓ‖N such that E[p] is ramified at ℓ. Then:
(i) Ram(ρ) contains all primes ℓ‖N+, and all primes ℓ|N− with ℓ ≡ ±1 (mod p).
(ii) If N is not square-free, then #Ram(ρ) > 1, and either Ram(ρ) contains a prime ℓ|N−
or there are at least two primes ℓ‖N+.
(iii) ap 6≡ ±1 (mod p).
Under these hypotheses, together with the assumption that ρ is surjective, W. Zhang [Zha14]
has obtained a proof of Kolyvagin’s conjecture [Kol91a] on the p-indivisibility of derived Heeg-
ner classes (see Theorem 3.3)1. In this paper, we shall build on his work to prove the following
result towards the Heegner point main conjecture.
1Note that condition (iii) is not present in [Zha14], but seems to be needed for some of the results from [BD05]
used therein. See also [KPW17, Remark 1.4].
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Theorem 1.2. Assume that the triple (E,K, p) satisfies Hypothesis ♠ and that ρ is surjective.
Then the Heegner point main conjecture holds.
Remark 1.3. An earlier version of this paper contained a proof of a weak form of Theorem 1.2.
Since the method of proof of the weaker result may be of independent interest (see Theorem 1.4
and Remark 1.6), we have kept that original part of the paper, leaving the proof of Theorem 1.2
(which still builds on [Zha14], but uses different ideas) to the largely independent §7.
1.3. Outline of the proof in the rank one case. After [PR87], the first results towards the
Heegner point main conjecture were due to Bertolini [Ber95]. Later, adapting to the anticyclo-
tomic setting the formalism of Mazur–Rubin [MR04], Howard constructed a Λ-adic Kolyvagin
system κ∞ extending κ∞1 , and deduced a proof of all the statements in Conjecture 1.1 except
for the divisibility ⊆ in the last claim [How04a,How04b]2.
More recently, the first complete proofs of Conjecture 1.1 were obtained in [Wana, Thm. 1.2]
and [Cas17, Thm. 3.4]. The new ingredient in these works was X. Wan’s divisibility in the
Iwasawa–Greenberg main conjecture for certain Rankin–Selberg p-adic L-functions [Wanb],
which in combination with the reciprocity law for Heegner points [CH18] yields a proof of the
divisibility in Conjecture 1.1 opposite to Howard’s. Unfortunately, the nature of those results
excluded the case N− = 1 (i.e., the “classical” Heegner hypothesis), and for technical reasons
it was necessary to assume the square-freeness of N . In contrast, our proof of Theorem 1.2 is
based on a different idea, dispensing with the use of the deep results of [Wanb] and allowing
for the cases N− = 1 and N having square factors, in particular.
As just mentioned, Howard’s results in [How04a,How04b] are based on the Kolyvagin sys-
tem machinery of Mazur–Rubin [MR04], suitably adapted to the anticyclotomic setting. As
essentially known to Kolyvagin [Kol91a], the upper bound provided by this machinery can be
shown to be sharp under a certain nonvanishing hypothesis; in the framework of [MR04], this
corresponds to the Kolyvagin system being primitive, see [MR04, Definitions 4.5.5 and 5.3.9].
Even though primitivity was not incorporated into Howard’s anticyclotomic theory of Koly-
vagin systems [How04a,How04b], in the first part of the paper under some additional hypothe-
ses we are able to upgrade his divisibility to the predicted equality in Conjecture 1.1 by building
on the main result of [Zha14].
Theorem 1.4. Suppose that the triple (E,K, p) satisfies Hypothesis ♠ and that ρ is surjective.
Assume in addition that:
• p = pp splits in K,
• If N− = 1, then N is squarefree,
• ords=1L(E/K, s) = 1.
Then the Heegner point main conjecture holds.
A key ingredient underlying the proof of Theorem 1.4 is the relation explained in §4 between
Conjecture 1.1 and a different anticyclotomic main conjecture. It is for the availability of this
relation that the additional hypothesis on p is needed in Theorem 1.4. Indeed, when p = pp
splits in K, Bertolini–Darmon–Prasanna [BDP13] (as extended by Brooks [HB15] for N− 6= 1)
have constructed a p-adic L-function
L
BDP
p ∈ Λ
ur := Zurp ⊗ˆΛ,
where Zurp is the completion of the maximal unramified extension of Zp, p-adically interpolating
(a square-root of) certain Rankin–Selberg L-values. A variant of Greenberg’s main conjectures
[Gre94] relates L BDPp to the characteristic ideal of an anticyclotomic Selmer group
Sel∅,0(K,A) ⊂ lim−→
n
H1(Kn, A)
2Note that when N− 6= 1, the result was stated after inverting p, see [How04b, Thm. 3.4.2].
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also recalled in §2, and which differs from SelGr(K,A) by the defining local conditions at the
primes dividing p:
Conjecture 1.5 (Greenberg’s main conjecture). The Pontryagin dual X∅,0 of Sel∅,0(K,A)
is Λ-torsion, and
CharΛ(X∅,0) = (L
BDP
p )
2
as ideals in Λur.
In §4 we show that Conjectures 1.1 and 1.5 are equivalent, and that Howard’s divisibility
implies the divisibility ⊇ in the latter. On the other hand in §5, assuming
(1) rankZE(K) = 1,
we are able to reduce the proof of the opposite divisibility to the proof of the equality (up to
a p-adic unit)
(2) [E(K) : Z.P ]2 = #X(E/K)[p∞]
∏
ℓ|N+
c2ℓ ,
where P ∈ E(K) is a “p-primitive” generator of E(K) modulo torsion, and cℓ is the Tamagawa
number of E/Qℓ. Since under the hypotheses of Theorem 1.4, (1) and (2) can be deduced from
the Gross–Zagier formula [GZ86,YZZ13,CST14] and the works of Kolyvagin and W. Zhang
[Kol91a,Zha14], with P given by a suitable Heegner point, the proof of Theorem 1.4 follows.
Remark 1.6. As already noted, the assumption that p splits in K is essential to the method
of proof of Theorem 1.4, but the analytic rank one hypothesis should not. Indeed, by Cornut–
Vatsal [CV07], the Heegner points Pn ∈ E(Kn) defined over the n-th layer of the anticyclotomic
Zp-extension are non-torsion for n sufficiently large. Taking one such n, and letting
Pn,χ ∈ E(Kn)
χ ⊂ E(Kn)⊗Z[Gal(Kn/K)] Z[χ]
be the image of Pn in the χ-isotypical component for a primitive character χ : Gal(Kn/K)→
Z[χ]×, a suitable extension of Kolyvagin’s methods should yield the analogue of (1) for E(Kn)
χ,
and the Gross–Zagier formula [YZZ13] combined with a generalization of Kolyvagin’s structure
theorem for Tate–Shafarevich groups [Kol91b] should yield an analogue of (2) in terms of the
index of Pn,χ in E(Kn)
χ.
With these results in hand, to remove the analytic rank one hypothesis from Theorem 1.4
it would suffice to generalize our reduction of Conjecture 1.1 to the corresponding analogue
of (2). We will not pursue this direction here3, but rather remove these additional hypotheses
in Theorem 1.2 by a different method.
1.4. The general rank case. The construction of cohomology classes by Bertolini–Darmon
[BD05] and their reciprocity laws (as refined by Pollack–Weston [PW11]) were instrumental to
W. Zhang’s proof of Kolyvagin’s conjecture [Zha14]. The ensuing structures were axiomatized
by Howard [How06] into a theory of bipartite Euler systems, and adapting ideas from [MR04] to
this setting, a criterion for the theory to provide a proof of the equality (not just a divisibility)
in a corresponding “main conjecture” was given.
In a sense that we make precise in §7, Howard’s criterion can be interpreted as the condition
that the given bipartite Euler system be “Λ-primitive”. On the other hand, digging into the
proof of the main result of [Zha14], we show that the Bertolini–Darmon bipartite Euler system
is “primitive”. Thus, by showing the implication
primitivity =⇒ Λ-primitivity
3In his Princeton senior thesis, M. Zanarella [Zan19] has developed this idea to prove a result in the converse
direction, i.e., deducing primitivity of the Heegner point Kolyvagin system from knowledge of the Heegner point
main conjecture. He has also obtained a different proof of our Theorem 1.2 by incorporating primitivity into
Howard’s theory of Kolyvagin systems [How04a,How04b].
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for bipartite Euler systems, we arrive at the proof of Theorem 1.2. By the equivalence of §4,
this also yields a proof of Greenberg’s main conjecture for L BDPp .
1.5. Acknowledgements. During the preparation of this work, F.C. was partially supported
by NSF grant DMS-1801385, 1946136, C.K. was partially supported by Basic Science Research
Program through the National Research Foundation of Korea (NRF-2018R1C1B6007009).
2. Selmer structures
We keep the setup of the Introduction. In particular, E is an elliptic curve over Q of con-
ductor N with good ordinary reduction at the prime p > 3, K is an imaginary quadratic field
of discriminant prime to Np, and K∞/K is the anticyclotomic Zp-extension of K. Throughout
the paper, we also fix a choice of complex and p-adic embeddings C
ι∞
←֓ Q
ιp
→֒ Qp, and assume
that p is the prime of K above p induced by ιp. For any number field L, let GL := Gal(Q/L)
be the absolute Galois group.
Let Σ be a finite set of places of K including the primes dividing p, ∞, and the primes
dividing N , and denote by KΣ the maximal extension of K unramified outside Σ. Let M be a
GK -module unramified outside Σ. Following [MR04], given a Selmer structure F on M , i.e., a
collection of subspaces H1F (Kw,M) ⊂ H
1(Kw,M) indexed by w ∈ Σ, we define the associated
Selmer group SelF (K,M) by
SelF (K,M) := ker
(
H1(KΣ/K,M)→
∏
w
H1(Kw,M)
H1F (Kw,M)
)
.
IfM is a GK -module and L/K a finite Galois extension, we have the induced representation
IndL/KM := {f : GK →M : f(σx) = f(x)
σ for all x ∈ GK , σ ∈ GL},
which is equipped with commuting actions of GK and Gal(L/K). Recall that T denotes the
p-adic Tate module of E, and consider the modules
T := lim←−
n
(
IndKn/KT
)
, A := lim−→
n
(
IndKn/KA
)
≃ Hom(T, µp∞),
where the limits are with respect to the corestriction and restriction maps, respectively, and
the isomorphism is given by the perfect GK -equivariant pairing T×A→ µp∞ induced by the
Weil pairing T ×A→ µp∞ (see [How04a, Prop. 2.2.4]).
We recall the ordinary filtrations at p. Let GQp := Gal(Qp/Qp), viewed as a decomposition
group at p inside GQ via ιp. By p-ordinarity, there is a one-dimensional GQp-stable subspace
Fil+V ⊂ V such that the GQp-action on the quotient Fil
−V := V/Fil+V is unramified. Set
Fil+T := T ∩ Fil+V, Fil−T := T/Fil+T, Fil+A := Fil+V/Fil+T, Fil−A := A/Fil+A,
and define the submodules Fil+T ⊂ T and Fil+A ⊂ A by
Fil+T := lim←−
n
(
IndKn/KFil
+T
)
, Fil+A := lim−→
n
(
IndKn/KFil
+A
)
.
We also set Fil−T := T/Fil+T and Fil−A := A/Fil+A.
Following [How04b, §3.2], we define the ordinary Selmer structure Ford on T by
H1Ford(Kw,T) =
{
H1(Kw,Fil
+T) if w | p,
H1(Kw,T) otherwise,
and let H1Ford(Kw,A) be the orthogonal complement of H
1
Ford
(Kw,T) under local Tate duality,
so that
H1Ford(Kw,A) =
{
H1(Kw,Fil
+A) if w | p,
0 otherwise.
We denote by SelGr(K,T) and SelGr(K,A) the Selmer groups cut out by these local conditions.
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In the case that p = pp splits in K, similarly as in [Cas17, §2], we will also need to consider
variations of the above Selmer groups obtained by imposing different local conditions at the
primes above p. To that end, for M = T or A, and w a prime of K above p, set
H1∅(Kw,M) = H
1(Kw,M),
H1Gr(Kv,M) = H
1(Kw,Fil
+M),
H10(Kw,M) = 0,
and for a, b ∈ {∅,Gr, 0} we define
Sela,b(K,M) := ker
(
H1(KΣ/K,M)→
H1(Kp,M)
H1a(Kp,M)
×
H1(Kp,M)
H1b(Kp,M)
×
∏
w∈Σ,w∤p
H1(Kw,M)
H1Ford(Kw,M)
)
.
In particular, SelGr(K,T) = SelGr,Gr(K,T) and SelGr(K,A) = SelGr,Gr(K,A) are the ordinary
Selmer groups considered by Howard [How04b], while Sel∅,0(K,A) will play an important role
in this paper.
3. Heegner point Kolyvagin systems
In this section we establish a slight refinement of Howard’s theorem towards Conjecture 1.1
(removing the ambiguity by powers of p in his divisibility when N− 6= 1), and recall the result
by W. Zhang on Kolvyagin’s conjecture that we shall use to upgrade Howard’s divisibility to
an equality.
3.1. Howard’s theorem. Let
X := HomZp (SelGr(K,A),Qp/Zp)
be the Pontryagin dual of the ordinary Selmer group. Since it will not be explicitly needed in
this paper, we refer the reader to [How04a, §1.2] for the definition of a Kolyvagin system
κ
∞ = {κ∞n }n∈N
attached to a GK -module M together with a Selmer structure F , where n runs over the set
of squarefree products of certain primes inert in K, with the convention that 1 ∈ N .
Theorem 3.1 (Howard). Assume that p > 3 is a good ordinary prime for E, DK is coprime
to pN , and ρ|GK is absolutely irreducible. Then:
(i) There exists a Kolyvagin system κ∞ for (T,Ford) with κ
∞
1 6= 0.
(ii) SelGr(K,T) is a torsion-free, rank one Λ-module.
(iii) There is a torsion Λ-module M∞ such that CharΛ(M∞) = CharΛ(M∞)
ι and a pseudo-
isomorphism
X ∼ Λ⊕M∞ ⊕M∞.
(iv) CharΛ(M∞) divides CharΛ
(
SelGr(K,T)/Λκ
∞
1 ).
Proof. This is due to Howard [How04a,How04b], where the divisibility in part (iv) is possibly
up to powers of the ideal pΛ when N− 6= 1. In the following paragraphs, we explain how to
deduce an integral divisibility from a slight refinement of his arguments (essentially contained
in [Fou13]), while describing the slight modification of Howard’s constructions that we shall
use for comparison with [Zha14] and [JSW17].
Let B be the indefinite quaternion algebra over Q of discriminant N−, and consider the
(compactified, if N− = 1) Shimura curve XN+,N− attached to an Eichler order R ⊂ B of level
N+ as defined in [JSW17, §4.2]. In particular, XN+,N− has a canonical model over Q, and its
complex uniformization is given by
(3) XN+,N−(C) = B
×\
(
H± × B̂×/R̂×
)
∪ {cusps}, H± := CrR,
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where B̂ := B ⊗Z Ẑ and similarly for R̂. Fix an (optimal) embedding ιK : K →֒ B satisfying
ιK(K) ∩ R = ιK(OK), where OK is the ring of integers of K. There is a unique fixed point
h ∈ H+ by the action of ιK(K), and in terms of the complex uniformization (3) the collection
of Heegner points on XN+,N− is defined as
CM(XN+,N−) := {[h, b] ∈ XN+,N−(C) : b ∈ B̂
×} ≃ K×\B̂×/R̂×,
where h is the unique fixed point of ıK(K
×) on H+.
Let J(XN+,N−)/Q be the Jacobian of XN+,N− . As in [JSW17, §4.2], we choose an auxiliary
prime ℓ0 with aℓ0−ℓ0−1 /∈ pZ (possible by the irreducibility of ρ), and consider the embedding
ιN+,N− : XN+,N− → J(XN+,N−), x 7→ (Tℓ0 − ℓ0 − 1)[x],
where Tℓ0 is the ℓ0-th Hecke correspondence of XN+,N− . In [How04b, §1.3], Howard considers
a different embedding ι˜N+,N− : XN+,N− → J(XN+,N−) which is defined using the Hodge class
ξ ∈ Pic(XN+,N−) introduced in [Zha01, §6.2]; its relation with ιN+,N− is given by (Tℓ0 − ℓ0 −
1) ◦ ι˜N+,N− = m · ιN+,N− , where m = deg(ξ).
LetK[n] be the ring class field ofK of conductor n; so in particularK[1] = HK is the Hilbert
class field ofK. After possibly changing E within its isogeny class, we assume from now on that
E is “(Z, pZp)-optimal” in the sense of [Zha14, §3.7], and denote by π : J(XN+,N−)→ E the
quotient map. From the explicit construction of points hn ∈ CM(XN+,N−) given in [How04b,
Prop. 1.2.1], with n running over the positive integers primes to DKN , we thus obtain a
system points yn := π(ιN+,N−(hn)) ∈ E(K[n]) satisfying the norm-compatibilities
TrK[nℓ]/K[n](yn) =


aℓ · yn if ℓ ∤ n is inert in K,
aℓ · yn − σℓyn − σ
∗
ℓ yn if ℓ ∤ n splits in K,
aℓ · yn − yn/ℓ if ℓ | n,
where σℓ and σ
∗
ℓ denote the Frobenius elements of the primes above ℓ in K. Then, by the
Gross–Zagier formula [GZ86,YZZ13,CST14] we have
(4) L′(E/K, 1) 6= 0 ⇐⇒ yK := TrHK/K(y1) has infinite order.
We remove the dependence on ℓ0 by setting
zn :=
1
aℓ0 − ℓ0 − 1
· yn,
viewed as an element in E(K[n])⊗Z Zp, and also set zK := TrHK/K(z1) ∈ E(K)⊗Z Zp.
Applying Kolyvagin’s derivative operators to the Kummer images of these points, a Koly-
vagin system κ∞ for (T,Ford) is constructed as in [How04a, §2.3]; then our κ
∞
n corresponds
to the Kummer image of the element cn in [How04b, Prop. 3.1.1] (constructed from yn) and
the nonvanishing of κ∞1 follows from the work of Cornut–Vatsal [CV07]. The remaining state-
ments in Theorem 3.1 thus follow from [How04a, Thm. 2.2.10], as extended in Theorems 3.4.2
and 3.4.3 of [How04b] to the case N− 6= 1. Finally, to remove the ambiguity by powers of pΛ
in the last two theorems, it suffices to show that one can take pd = 1 in [How04b, Prop. 3.4.1].
For this, the key observation is to note that the classes κ∞n satisfy a stronger local condition
at the places v ∤ p than is shown in loc.cit.. More precisely, consider the Selmer structure Funr
on T given by
H1Funr(Kw,T) =
{
H1(Kw,Fil
+T) if w | p,
ker
(
H1(Kw,T)→ H
1(Kunrw ,T)
)
otherwise.
Just as in §2, we define the Selmer structure Funr onA by taking the orthogonal complement of
H1Ford(Kw,T) under local Tate duality, and denote by Sel(K,T) and Sel(K,A) the resulting
Selmer groups. Directly from the definition, one has the exact sequences
0→ Sel(K,T)→ SelGr(K,T)→
∏
w∤p
H1(Kw,T)
H1Funr(Kw,T)
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and
0→ SelGr(K,A)→ Sel(K,A)→
∏
ℓ|N−
Hunrℓ ,
where Hunrℓ =
∏
w|ℓH
1
Funr
(Kw,A) is finite (see e.g. [PW11, §3.1]). Then by [Fou13, Lem. 5.17],
the inclusion [How04b, (15)] can be replaced by
(5) κ∞n ∈ Sel(K,T/InT),
where In is a certain ideal of Λ. (Note that the constant α in [Fou13, Lem. 5.17] comes
from [Fou13, Prop. 5.7], where it is used to ensure that the “big” Heegner points constructed
in loc.cit. give rise to classes satisfying the right local conditions over the entire Hida family,
but this is not needed here.) With the inclusion (5) in hand, Howard’s arguments yield the
integral divisibility in Theorem 3.1 for the Selmer groups for Funr (see also [Fou13, Thm. 6.1]),
from which those for FGr follow from the relations
CharΛ(Xtors) ⊃ CharΛ(Xtors) and CharΛ(Sel(K,T)/Λκ
∞
1 ) ⊃ CharΛ(SelGr(K,T)/Λκ
∞
1 ),
where Xtors and Xtors denote the maximal Λ-torsion submodule of the Pontryagin duals of
SelGr(K,A) and Sel(K,A), respectively. 
Remark 3.2. Following the arguments of [PW11, §5], it should be possible to show that Xtors
and Xtors have the same λ-invariant, while
µ(Xtors) = µ(Xtors) +
∑
ℓ|N−
ordp(cℓ),
where cℓ is the Tamagawa number of E/Kℓ. In particular, Conjecture 1.1 should be equivalent
to its analogue in terms of Funr.
3.2. Wei Zhang’s theorem. Following [Zha14], we say that a prime ℓ is called a Kolyvagin
prime if ℓ is prime to pNDK , inert in K, and the index
M(ℓ) := minp{vp(ℓ+ 1), vp(aℓ)}
is strictly positive, where aℓ = ℓ+ 1−#E(Fℓ). Let
δw : E(Kw)⊗Z Zp → H
1(Kw, T )
be the local Kummer map, and denote by F the Selmer structure on T given by H1F (Kw, T ) =
im(δw) for all primes w ∈ Σ. As explained in [How04a, §1.7] (and its extension in [How04b,
§2.3] to N− 6= 1), Heegner points give rise to a Kolyvagin system
κ∞ =
{
cM (n) ∈ H
1(K,E[pM ]) : 0 < M 6M(n), n ∈ N
}
for (T,F), where N denotes the set of squarefree products of Kolyvagin primes, and for n ∈ N
we set M(n) := min{M(ℓ) : ℓ|n}, with M(1) =∞ by convention.
Theorem 3.3 (W. Zhang). Assume that:
• p > 3 is a good ordinary prime for E,
• DK is coprime to pN ,
• Hypothesis ♠ holds for (E, p,K),
• ρ : GQ → AutFp(E[p]) is surjective.
Then the collection of classes
(6) {c1(n) ∈ H
1(K,E[p]) : n ∈ N}
is nonzero. In particular, κ∞ 6= 0.
Proof. This is [Zha14, Theorem 9.3]. Note that loc.cit. applies more generally for abelian vari-
eties A/Q of GL2-type and assumes Hypothesis ♥ of [Zha14, p. 202] rather than Hypothesis ♠.
However, for elliptic curves E/Q these two are the same by virtue of [Zha14, Lemma 5.1]. 
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Remark 3.4. In the terminology of [MR04], W. Zhang’s Theorem 3.3 may be interpreted as
establishing primitivity of the system κ∞. Mazur–Rubin also introduced the (weaker) notion
of Λ-primitivity (see [MR04, Definition 5.3.9]), and in some sense our approach to Theorem 1.4
may be seen as a realization of the implications
κ∞ is primitive =⇒ κ∞ is Λ-primitive =⇒ Conjecture 1.1 holds,
where κ∞ is Howard’s Heegner point Λ-adic Kolyvagin system from Theorem 3.1.
Combined with Kolyvagin’s work, Theorem 3.3 yields the following exact formula for the
order of #X(E/K)[p∞] that we shall need. Recall the Heegner point yK ∈ E(K) introduced
in the proof of Theorem 3.1.
Corollary 3.5. Let the hypotheses be as in Theorem 3.3. If ords=1L(E/K, s) = 1, then
ordp(#X(E/K)[p
∞]) = 2 · ordp([E(K) : Z.yK ]).
Proof. After Theorem 3.3 and the equivalence (4), the result follows from Kolyvagin’s structure
theorem for X(E/K) [Kol91b,McC91] (cf. [Zha14, Thm. 10.2]). 
4. Equivalent main conjectures
In this section we establish the equivalence between Conjecture 1.1 (the Heegner point main
conjecture) and Conjecture 1.5 (Greenberg’s main conjecture for L BDPp ) in the Introduction.
Unless we indicate otherwise is indicated, we assume that p = pp splits in K.
For the ease of notation, for a, b ∈ {∅,Gr, 0} we let Xa,b denote the Pontryagin dual of the
generalized Selmer group Sela,b(K,A) introduced in §2, so that X = XGr,Gr, keeping with our
earlier convention.
Theorem 4.1. Assume that ρ|GK is absolutely irreducible. Then Conjecture 1.1 and Con-
jecture 1.5 are equivalent. More precisely, X has Λ-rank one if and only X∅,0 is Λ-torsion,
and a one-sided divisibility in Conjecture 1.1 holds if and only if the same divisibility holds in
Conjecture 1.5.
Proof. This is essentially shown in the Appendix of [Cas17] (cf. [Wana, §3.3]); all the references
in the proof that follows are to results in that paper. (The Selmer group considered in loc.cit.
have the unramified local condition at primes w ∤ p, but the same arguments apply verbatim to
the Selmer groups we consider here. We also note, although it’s not needed in these arguments,
that in fact by [PW11] both Selmer groups are the same if E[p] is ramified at all primes ℓ|N−.)
If X has Λ-rank 1, then SelGr(K,T) has Λ-rank 1 by Lemma 2.3(1), and so X∅,0 is Λ-torsion
by Lemma A.4. Conversely, assume that X∅,0 is Λ-torsion. Then XGr,0 is also Λ-torsion (see
eq. (A.7)), and so XGr,∅ has Λ-rank 1 by Lemma 2.3(2). Now, global duality yields the exact
sequence
(7) 0→ coker(locp)→ X∅,Gr → X → 0,
where locp : SelGr(K,T) → H
1
Gr(Kp,T) is the restriction map. Since H
1
Gr(Kp,T) has Λ-rank
1, the leftmost term in (7) is Λ-torsion by Theorem A.1 and the nonvanishing of L BDPp (see
Theorem 1.5); since XGr,∅ ≃ X∅,Gr by the action of complex conjugation, we conclude from
(7) that X has Λ-rank 1.
Next, assume that X has Λ-rank 1. By Lemma 2.3(1), this amounts to the assumption that
SelGr(K,T) has Λ-rank 1, and so by Lemmas A.3 and A.4 for every height one prime P of Λ
we have
(8) lengthP(X∅,0) = lengthP(Xtors) + 2 lengthP(coker(locp)),
where Xtors denotes the Λ-torsion submodule of X, and for every height one prime P
′ of Λur
(9) ordP′(L
BDP
p ) = lengthP′(coker(locp)Λ
ur) + lengthP′
(
SelGr(K,T)Λ
ur
Λurκ∞1
)
.
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Thus for any height one prime P of Λ, letting P′ denote its extension to Λur, we see from (8)
and (9) that
lengthP(Xtors) 6 2 lengthP
(
SelGr(K,T)
Λκ∞1
)
⇐⇒ lengthP(X∅,0) 6 2 ordP′(L
BDP
p ),
and similarly for the opposite inequalities. The result follows. 
5. Equivalent special value formulas
The goal of this section is to establish Corollary 5.3 below, which is a manifestation of the
equivalence of Theorem 4.1 after specialization at the trivial character. We fix a topological
generator γ ∈ Gal(K∞/K) and identify Λ with the 1-variable power series ring ZpJT K via
γ 7→ 1 + T .
Theorem 5.1. Assume that rankZE(K) = 1, #X(E/K)[p
∞] < ∞, and E[p] is irreducible
as GK-module. Let P ∈ E(K) be a point of infinite order. Then X∅,0 is Λ-torsion, and letting
f∅,0(T ) ∈ ZpJT K be a generator of its characteristic ideal, the following equivalence holds:
f∅,0(0) ∼p
(
1− ap + p
p
)2
· logωE (P )
2 ⇐⇒ [E(K) : Z.P ]2 ∼p #X(E/K)[p
∞]
∏
ℓ|N+
c2ℓ ,
where ap := p + 1 −#E(Fp), cℓ is the Tamagawa number of E/Qℓ, and ∼p denotes equality
up to a p-adic unit.
Proof. As shown in [JSW17, p. 395-6], our assumptions imply hypotheses (corank 1), (sur),
and (irredK) of [JSW17, §3.1], and so by [loc. cit., Thm. 3.3.1] (with S = Sp the set of primes
dividing N and Σ = ∅) the module X∅,0 is Λ-torsion, and
(10) #Zp/f∅,0(0) = #H
1
Fac(K,E[p
∞]) · C (E[p∞]),
where
C (E[p∞]) := #H0(Kp, E[p
∞]) ·#H0(Kp, E[p
∞]) ·
∏
w|N+
#H1ur(Kw, E[p
∞]).
Here, H1Fac(K,E[p
∞]) is the anticyclotomic Selmer group introduced in [JSW17, §2.2.3], which
under the above hypotheses by [loc.cit., (3.5.d)] has finite order given by
(11) #H1Fac(K,E[p
∞]) = #X(E/K)[p∞] ·
(
#(Zp/(
1−ap+p
p ) · logωEP )
[E(K) : Z.P ]p ·#H0(Kp, E[p∞])
)2
,
where [E(K) : Z.P ]p denotes the p-part of the index [E(K) : Z.P ]. Combining (10) and (11)
we thus arrive at
#Zp/f∅,0(0) = #X(E/K)[p
∞] ·
(
#(Zp/(
1−ap+p
p ) · logωEP )
[E(K) : Z.P ]p
)2
·
∏
w|N+
#H1ur(Kw, E[p
∞]).
Since #H1ur(Kw, E[p
∞]) is the p-part of the Tamagawa number of E/Kw (see e.g. [SZ, Lem. 9.1]),
the result follows. 
The fundamental p-adic Waldspurger formula due to Bertolini–Darmon–Prasanna [BDP13]
will allow us to relate the left-hand side of Theorem 5.1 to the anticyclotomic main conjecture.
Theorem 5.2 (Bertolini–Darmon–Prasanna, Brooks). Assume that E[p] is irreducible as a
GK-module, and if N
− 6= 1 assume in addition that N is squarefree. Then the following special
value formula holds:
L
BDP
p (0) =
(
1− ap + p
p
)
·
(
logωEzK
)
,
where the equality is up to a p-adic unit.
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Proof. This is a special case of [BDP13, Theorem 5.13] and [HB15, Theorem 1.1], as explained
in [JSW17, Propositions 5.1.6 and 5.1.7]. 
Corollary 5.3. With hypotheses as in Theorem 5.1, assume in addition that N is squarefree if
N− 6= 1, that (E, p,K) satisfies Hypothesis ♠, and the Heegner point yK ∈ E(K) has infinite
order. Then
f∅,0(0) ∼p L
BDP
p (0)
2 ⇐⇒ [E(K) : Z.yK ]
2 ∼p #X(E/K)[p
∞].
Proof. Since by part (1) of Hypothesis ♠, the Tamagawa numbers cℓ for ℓ|N
+ are p-indivisible,
the result follows from Theorem 5.1 and Theorem 5.2, noting that zK is a p-adic unit multiple
of yK (see the proof of Theorem 3.1). 
6. Rank one case
We recall the following easy to prove but very useful commutative algebra result from [SU14].
Lemma 6.1. Let A be a ring and a be a proper ideal contained in the Jacobson radical of A.
Assume that A/a is a domain. Let L ∈ A be such that its reduction modulo a is non-zero. Let
I ⊆ (L) be an ideal of A and I be the image of I in A/a. If L (mod a) ∈ I, then I = (L).
Proof. This is [SU14, Lemma 3.2]. 
For our application, we shall set A := Λ, a := (γ − 1) the augmentation ideal of Λ, L :=
f∅,0(T ) a generator of the characteristic ideal of X∅,0, and I the ideal generated by the square
of L BDPp . The divisibility I ⊆ (L) will be a consequence of Theorem 3.1 and Theorem 4.1,
and (assuming analytic rank 1) the relations 0 6= f∅,0(0) ∼p L
BDP
p (0)
2 will be deduced from
Corollary 3.5 and Corollary 5.3; the equality I = (L) will then follow.
Remark 6.2. Note that the roles of algebraic and analytic p-adic L-functions are switched
in our setting comparing with those of [SU14]. This is possible since Λ is a UFD, and so the
characteristic ideal of a finitely generated Λ-module is principal.
Theorem 6.3. Let E/Q be an elliptic curve of conductor N , let p > 3 be a good ordinary
prime for E, and let K be an imaginary quadratic field of discriminant DK with (DK , Np) = 1.
Assume that:
• If N− 6= 1, then N is squarefree.
• N− is the product of an even number of primes.
• (E, p,K) satisfies Hypothesis ♠.
• ρ : GQ → AutFp(E[p]) is surjective.
• p = pp splits in K.
In addition, assume that ords=1L(E/K, s) = 1. Then Conjecture 1.5 holds.
Proof. By Theorem 3.1, the Pontryagin dual X of SelGr(K,A) has Λ-rank 1, and its Λ-torsion
submodule Xtors is such that
CharΛ(Xtors) ⊇ CharΛ
(
SelGr(K,T)
Λκ∞1
)2
.
By Theorem 4.1, it follows that the Pontryagin dual X∅,0 of Sel∅,0(K,A) is Λ-torsion, and
that
(12) (f∅,0) ⊇ (L
BDP
p )
2,
where f∅,0 ∈ Λ ≃ ZpJT K is a generator of CharΛ(X∅,0). On the other hand, by Corollary 3.5
we have the equality
[E(K) : Z.yK ]
2 = #X(E/K)[p∞]
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up to a p-adic unit, which by Corollary 5.3 amounts to the equality
(13) f∅,0(0) = L
BDP
p (0)
2
up to a p-adic unit. Given (12) and (13), the result follows from Lemma 6.1. 
We can now conclude the proof of Theorem 1.4 in the Introduction.
Corollary 6.4. Let the hypotheses be as in Theorem 6.3. Then Conjecture 1.1 holds.
Proof. This is the combination of Theorem 4.1 and Theorem 6.3. 
7. General rank case
In this section we prove Theorem 1.2. The proof is independent of the earlier parts of the
paper and is based on Howard’s theory of bipartite Euler systems, borrowing some ideas and
results from W. Zhang’s proof of Kolyvagin’s conjecture [Zha14]. In the terminology of loc.cit.,
we crucially exploit the “m-aspect” of the system of Heegner classes, rather than Kolvyagin’s
derivatives (i.e., the “n-aspect”).
Let f =
∑∞
n=1 anq
n ∈ S2(Γ0(N)) be a p-ordinary newform defined over the number field F ,
let O be the ring of integers of F , and assume that ℘ ⊂ O is the prime of F above p induced
by our fixed embedding Q →֒ Qp (so ap 6∈ ℘ by assumption), and let F = O/℘ be the residue
field. Let O℘ be the ℘-adic completion of O, and ̟ ∈ O℘ be a uniformizer. Let Af/Q be the
abelian variety (up to isogeny) of GL2-type associated with f .
Let K be an imaginary quadratic field of discriminant prime to N satisfying the generalized
Heegner hypothesis (gen-H) from the Introduction, and (with a slight abuse of notation) set
Λ = O℘JGal(K∞/K)K, where K∞/K is the anticylotomic Zp-extension of K.
We say that a prime q is admissible (following [BD05]) if q is inert in K, prime to NDKp,
does not divide q2 − 1, and the index
M ′(q) := v℘((q + 1)
2 − a2q)
is strictly positive. We denote by L′ the set of admissible primes, by N ′ the set of squarefree
products of prime q ∈ L′, and by N ′,± the set of m ∈ N ′ with (−1)ν(m) = ±1, where ν(m) is
the number of prime factors of m. For m ∈ N ′ we define the admissibility index
M ′(m) = min{M ′(q) : q|m},
if m > 1, and M ′(1) = ∞. We say that m ∈ N ′ is j-admissible if M ′(m) > j, and denote by
N ′j the set of m ∈ N
′ only divisible by j-admissible primes, and similarly define N ′,±j ⊂ N
′,±.
Form ∈ N ′j, we recall the definition of the ordinary condition H
1
ord(Kn,ℓ, Af [℘
j]) for ℓ|pN−m
(see e.g. [CH15, §1.2]). For ℓ = p, this was already recalled in §2, so assume that ℓ|N−m; in
particular, ℓ is inert in K. Let l be the prime of K above ℓ. If ℓ|N−, there is a unique rank one
O℘-submodule Fil
+
l T ⊂ T , where T is the ℘-adic Tate module of Af , on which Gal(K l/Kl)
acts via the cyclotomic character. For any place w of Kn lying above l, let H
1
ord(Kn,w, Af [℘
j ])
be the natural image of H1(Kn,w,Fil
+
l T ) in H
1(Kn,w, T/℘
jT ) ≃ H1(Kn,w, Af [℘
j ]), and set
H1ord(Kn,ℓ, Af [℘
j ]) :=
⊕
w∈σn,l
H1ord(Kn,w, Af [℘
j]),
where σn,l is the set of places of Kn lying above l. On the other hand, if ℓ|m is a j-admissible
prime, then the module Af [℘
j] is unramified at l and the action of the Frobenius element at l
is semi-simple, giving a decomposition Af [℘
j ] ≃ (O/℘j)⊕ (O/℘j)(1) as Gal(K l/Kl)-modules.
Letting Fil+l Af [℘
j ] ⊂ Af [℘
j] be the direct summand corresponding to (O/℘j)(1), for any place
w of Kn lying above l, let H
1
ord(Kn,w, Af [℘
j]) be the image of the natural map
H1(Kn,w,Fil
+
l Af [℘
j ])→ H1(Kn,w, Af [℘
j]),
and define H1ord(Kn,ℓ, Af [℘
j ]) in the same way as before.
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Let
ρ : GQ → AutF(Af [℘]) ≃ GL2(F)
be the 2-dimensional Galois representation on the ℘-torsion of Af . Let O0 ⊂ O be the order
generated over Z by the Fourier coefficients of f , and set ℘0 := ℘ ∩ O and F0 := O0/℘0 ⊂ F.
Then ρ arises as the extension of scalars of a representation ρ0 defined over F0.
Assume that the pair (ρ,N−) satisfies the following Condition CR:
(i) ρ is ramified at every prime ℓ|N− with ℓ ≡ ±1 (mod p),
(ii) ρ0 is surjective,
(iii) ap 6≡ ±1 (mod p).
Then by work of Bertolini–Darmon [BD05, §§6-9], as refined by Pollack–Weston [PW11, §4.3]4,
for every j > 0 there is a pair of systems
κ = {κj(m) ∈ Sel
m−ord(K∞, Af [℘
j]) : m ∈ N ′,+j }, λ = {λj(m) ∈ Λ/̟
jΛ: m ∈ N ′,−j },
where
Selm−ord(K∞, Af [℘
j]) := lim
←−
n
Selm−ord(Kn, Af [℘
j ]) ⊂ lim
←−
n
H1(Kn, Af [℘
j ])
is the Selmer group of [BD05, Def. 2.8], defined by
• the ordinary condition H1ord(Kn,ℓ, Af [℘
j ] at the primes ℓ|pN−m,
• the unramified condition H1unr(Kn,ℓ, Af [℘
j]) at all other primes,
related by a system of (first and second) reciprocity laws: If mq ∈ N ′,−j with q prime, then
(1st) locq(κj(mq)) = λj(m),
and if mq ∈ N ′,+j with q prime, then
(2nd) locq(κj(m)) = λj(mq)
under fixed isomorphisms (see [How06, Lem. 3.1.2])
lim
←−
n
H1ord(Kn,q, Af [℘
j ]) ≃ Λ/̟jΛ, lim
←−
n
H1unr(Kn,q, Af [℘
j]) ≃ Λ/̟jΛ,
respectively. In the terminology of [How06], the pair (κ,λ) defines a bipartite Euler system
(of odd type) for (Af [℘
j ],F ,L′j), where F is the Selmer structure defining the pN
−-ordinary
Selmer group. Letting X be the graph with vertices v = v(m) indexed by m ∈ N ′j and edges
connecting v(m) to v(mq) whenever q ∈ L′j and mq ∈ N
′
j, we shall use the interpretation of
such systems as global sections of the sheaf ES(X ) on X introduced in [loc.cit.,§2.4].
Let T be the ℘-adic Tate module ofAf , and consider the (minimal) Selmer groups SelGr(K,T)
and SelGr(K,A) from §2 defined with T = T℘Af and A = Af [℘
∞].
As in §3, let X denote the Pontryagin dual of SelGr(K,A), and similarly let X
m−ord be the
Pontryagin dual of lim
−→j
Selm−ord(K∞, Af [℘
j]).
Lemma 7.1. Assume that ρ0 is irreducible. Then there we have
SelGr(K,T) ≃ lim←−
j
Sel1−ord(K∞, Af [℘
j ])
and the Λ-torsion submodules of X and X1−ord have the same characteristic ideal.
Proof. By the last exact sequence in the proof of [PW11, Prop. 3.6], there is a natural inclusion
(14) Sel1−ord(K∞, Af [℘
k]) ⊂ SelGr(K∞, Af )[℘
j ] ≃ SelGr(K,A)[℘
j ]
4See [KPW17, Remark 1.4] for the need of item (iii) in Condition CR, which is missing in [PW11].
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with finite index bounded independent of j, which immediately implies the second claim in
the lemma. The first claim follows similarly, using that for each n, SelGr(Kn, T ) is the ℘-adic
Tate module of SelGr(Kn, A), and so by Shapiro’s lemma
SelGr(K,T) ≃ lim←−
n
lim
←−
j
SelGr(Kn, Af )[℘
j ] ≃ lim
←−
j
Sel1−ord(K∞, Af [℘
j]).
using (14) for the last identification. 
For varying j, the elements κj(m) and λj(m) are compatible with the inclusions N
′,±
j+1 ⊂
N ′,±j and the natural maps Af [℘
j+1] → Af [℘
j ] and Λ/̟j+1Λ → Λ/̟jΛ; taking m = 1 and
using the isomorphism of Lemma 7.1, we thus obtain a distinguished element
κ∞ := lim←−
j
κj(1) ∈ SelGr(K,T).
We will prove Theorem 1.2 by an application of the following result of Howard.
Theorem 7.2 (Howard). Assume that the pair (ρ,N−) satisfies Condition CR. Then Perrin-
Riou’s main conjecture holds if the following criterion holds: For any height one prime P ⊂ Λ,
there exists a k = k(P) such that for all j > k the set
{λj(m) ∈ Λ/̟
jΛ : m ∈ N ′,−j }
contains an element with non-trivial image in Λ/(P,̟k).
Proof. The distinguished element κ∞ is nonzero by the work of Cornut–Vatsal [CV07], so the
result follows from Lemma 7.1 and [How06, Thm. 3.2.3(c)]. 
In the following lemma, let (R,m) be a principal Artinian local ring, T be a free R-module
of rank 2 equipped with a continuous action of GK as in [How06, §2.6], F be a Selmer structure
on T , and L′ be a set of (admissible) primes of K such that (T,F ,L′) satisfies Hypothesis 2.2.4
and Hypothesis 2.3.1 of [How06].
We refer the reader to [How06, Def. 2.2.8] for the definition of the stub module
Stub(v) = Stubm
associated with the vertex v of X indexed by m, and (as in [loc.cit., Def. 2.4.2]) say that v is
a core vertex if Stub(v) ≃ R.
Lemma 7.3. Let s be the global section of ES(X ) corresponding to a bipartite Euler system
over R. Then there exists a constant δ = δ(s) with 0 6 δ 6 length(R) such that s(v) generates
mδ · Stub(v) for every core vertex v of X . Moreover, s is uniquely determined by its value at
any core vertex.
Proof. This is shown in the proof of [How06, Cor. 2.4.12]. 
Now we return to the previous setting.
Proposition 7.4. Assume that the system λ has nonzero image in Λ/̟Λ. Then the criterion
in Theorem 7.2 holds.
Proof. Unless indicated otherwise, all the references in this proof are to [How06]. Denote by λ
the image of λ in Λ/̟Λ. Denoting by κ the reduction of κ modulo ̟, the pair (λ,κ) defines
a bipartite Euler system over F; or equivalently, a global section s of the corresponding Euler
system sheaf ES(X ). Since λ 6= 0 and by Corollary 2.4.9 there are core vertices corresponding
tom ∈ N ′,−j for any j, by Lemma 7.3 above (noting that Hypothesis 2.2.4 holds by our running
hypotheses, and Hypothesis 2.3.1 holds by [BD05, Thm. 3.2]) it follows that s(v) 6= 0 for any
core vertex of X . Since F has length one, this shows that δ = 0 in Lemma 7.3 above. Thus
we conclude that for any j > 0 the system
{λj(m) ∈ Λ/̟
jΛ : m ∈ N ′,−j }
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has nonzero image in Λ/̟Λ, and so for any height one prime P ⊂ Λ the criterion in Theo-
rem 7.2 is satisfied by taking k = k(P) = 1. 
Recall from [Zha14] the following set of hypotheses on (f, ℘,K).
Hypothesis ♥. Let Ram(ρ) be the set of primes ℓ‖N such that Af [℘] is ramified at ℓ. Then:
(i) Ram(ρ) contains all primes ℓ‖N+, and all primes ℓ|N− with ℓ ≡ ±1 (mod p).
(ii) If N is not square-free, then #Ram(ρ) > 1, and either Ram(ρ) contains a prime ℓ|N−
or there are at least two primes ℓ‖N+.
(iii) For every prime ℓ with ℓ2|N+, we have H1(Qℓ, ρ) = H
0(Qℓ, ρ) = 0.
(iv) ap 6≡ ±1 (mod p).
Remark 7.5. Note that this differs from Hypothesis ♠ in the Introduction by the additional
item (iii), which as observed in [SZ, Lemma 5.1] is automatic when Af is an elliptic curve.
Lemma 7.6. Assume that the triple (f, ℘,K) satisfies Hypothesis ♥ and that ρ0 is surjective.
Then the system λ has nonzero image in Λ/̟Λ.
Proof. All the references in this proof are to [Zha14]. Let Sel℘(Af/K) ⊂ H
1(K,Af [℘]) be the
usual ℘-Selmer group, and set
r := dimFSel℘(Af/K).
We need to show that for some g obtained by level-raising f at an odd number of admissible
primes, the p-adic L-function attached to g over K is invertible. We will show this by induction
on r.
Since K satisfies the hypothesis (gen-H), as in Theorem 9.1 we may assume that r odd. If
r = 1, the existence of such g is shown in Theorem 7.2. If r > 3, then by the argument in the
proof of Theorem 9.1 we can find a form g2 of level Nq1q2, obtained by level-raising f at to
distinct admissible primes q1 and q2, with associated Selmer rank equal to r−2. By induction
hypothesis, g2 has a level-raised form g as desired, and therefore so does f . 
Now we have the ingredients to prove Theorem 1.2.
Proof of Theorem 1.2. By Lemma 7.6, the assumption in Proposition 7.4 holds, so the
result follows from Theorem 7.2. 
Finally, we note that by the equivalence between main conjectures established in §4, Theo-
rem 1.2 implies Greenberg’s main conjecture for L BDPp :
Corollary 7.7. Assume that (E, p,K) satisfies Hypothesis ♠ and that ρ is surjective. Then
Conjecture 1.5 holds.
Proof. This is the combination of Theorem 4.1 and Theorem 1.2. 
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